Motivated by the problem of R. Ger, we show that the generalized Gołab-Schinzel equation is superstable in the class of functions hemicontinuous at the origin. As a consequence, we obtain the form of approximate solutions of that equation.
Introduction
The Gołab-Schinzel equation f x + f (x)y = f (x) f (y) (1.1) and its generalized version
play a significant role in the theory of functional equations. Some information on the applications of (1.1) and (1.2) in the determination of substructures of algebraical structures, in the theory of geometric objects and classification of near-rings and quasialgebras, can be found, for example, in [1] [2] [3] [4] [5] and in the recent survey paper [6] . At the 38th International Symposium on Functional Equations (2000, Noszvaj, Hungary), R. Ger raised, among others, the problem of Hyers-Ulam stability for the Gołab-Schinzel-type functional equations (see [6, page 21] and [12] ). In the case of (1.1), this problem has been studied in [7, 8, 10] . Recently, in [9] it has been proved that (1.2) is superstable in the class of continuous functions f : R → R. In the present paper, we deal with the stability problem for (1.2) in the case where f is defined on a linear space over the field K of real or complex numbers and takes its values in K.
Throughout the paper, N, Z, and R stand for the sets of all positive integers, integers, and real numbers, respectively.
2 Approximate solutions of the Gołab-Schinzel equation
Results
From now on we assume that K is a field of real or complex numbers, X is a vector space over K and k ∈ N, λ ∈ K \ {0} and ε ≥ 0 are fixed. We begin with some remarks concerning bounded solutions of the inequality
Remark 2.1. A straightforward calculation shows that every function f :
Otherwise, setting in (2.1) y = 0, we would have
In fact, suppose that f : X → K is a bounded function satisfying (2.1) and
for sufficiently large n ∈ N. Since
this yields that
for sufficiently large n ∈ N. Furthermore, by (2.5),
Consequently,
for sufficiently large n ∈ N, which contradicts (2.1).
To formulate the main result of the paper, we need the following definition (cf. [13, page 427]).
Definition 2.4.
A function f : X → K is hemicontinuous at the origin provided, for every
is continuous at 0.
hemicontinuous at the origin function satisfying (2.1), then either (2.3) holds, or
Proof. Assume that a function f : X → K is hemicontinuous at the origin and satisfies (2.1). In view of Remark 2.3, it is enough to consider the case, where f is unbounded. Then, according to Remark 2.2, f (0) = 1/λ. Thus, setting in (2.1) x = 0 and replacing y by λ k y, we obtain
Take a sequence (x n : n ∈ N) of elements of
Then, for every x, y ∈ X and n ∈ N, we have
(2.17)
4 Approximate solutions of the Gołab-Schinzel equation
Note that in view of (2.1) and (2.13), for every x, y ∈ X, the right-hand side of the last equality is bounded. Thus
Next, by (2.1) and (2.13), we get
Since, in view of (2.1), for every x, y ∈ X and n ∈ N, we have
Thus, taking into account (2.19), we get
so, in view of (2.14),
Therefore, taking into account (2.18) and (2.23), for every x, y ∈ X \ f −1 ({0}), we obtain
Moreover, for every x, y ∈ X \ f −1 ({0}), we have
and, by (2.19) and (2.23),
Thus, as f is hemicontinuous at the origin, we get
Hence, in view of (2.26), we obtain
Next, taking in (2.30) x = 0 and replacing y by λ k y, we get
Since, by (2.19), for every x ∈ X \ f −1 ({0}) and n ∈ N,
making use of (2.30) and (2.31), we conclude that
whence taking into account (2.18) and (2.23), we get
As for x ∈ f −1 ({0}), (2.12) trivially holds, this completes the proof. 
Thus, in view of (2.19), we obtain
Consequently, (2.36) becomes (2.30) and, arguing as previously, we get the assertion. Now, applying Theorem 2.5, we obtain the following results, which generalize to some extend [9, Propositions 1-3].
Proof. Suppose that |λ k | = 1 and f : X → K is an unbounded function hemicontinuous at the origin and satisfies (2.1). Then, according to Theorem 2.5, (2.12) is valid. Thus, taking in (2.12) x = 0 and using Remark 2.2, we get f (λ −k y) = f (y) for y ∈ X, whence by induction
As f is hemicontinuous at the origin, letting in the last equality n → ∞, whenever |λ k | < 1; and n → −∞ otherwise, we obtain
Hence f is constant, which yields a contradiction and completes the proof. 
Proof. It is easy to check that each of conditions (i) and (ii) implies (2.1). So, assume that f satisfies (2.1). Then, by Theorem 2.5, 
Proof. Suppose that f : X → K is an unbounded and hemicontinuous at the origin function satisfying (2.1). Then, applying Theorem 2.5 and Remark 2.2, we get
and f (0) = −1, respectively. Therefore, if k is an odd number, then making use of (2.45) with x = 0, we obtain that f is an even function. Hence, replacing in (2.45) y by −y, we conclude that a function f :=− f satisfies (2.43). So, arguing as in the proof of Proposition 2.9, we obtain that one of the conditions (i) and (ii) of Proposition 2.9 is valid for f . As f is even, this gives a contradiction. Now, assume that k is an even number. Then from (2.45) we deduce again that f := − f satisfies (2.43) (however, contrary to the previous case, f need not be even). Thus, repeating the arguments from the proof of Proposition 2.9, we obtain that there exists a nontrivial R-linear functional L : X → R such that
(2.46)
This implies (2.44). Since the converse is easy to check, the proof is completed.
